Three-dimensional fluid simulations are performed in a simple magnetized toroidal plasma, in which vertical and toroidal magnetic fields create helicoidal magnetic field lines that terminate on the torus vessel. The simulations are carried out in the three-dimensional flux tube that wraps around the torus and are able to describe both interchange and drift-wave dynamics. The presence of different turbulence regimes is pointed out; in particular, it is shown that turbulence can be quenched by either a sufficiently large plasma source, or a sufficiently small vertical field, or a sufficiently high parallel resistivity. The simulations considered herein reveal that interchange turbulence dominates over the drift-wave dynamics. Considering the experimental observations, we finally discuss the limitations of the present model.
I. INTRODUCTION
We describe plasma dynamics in a simple magnetized torus (SMT), a configuration characterized by a toroidal magnetic field, B φ , superposed on a vertical magnetic field, B v , resulting in helicoidal field lines terminating on the torus vessel [1, 2] . As in the scrape-off layer of magnetic fusion devices, the SMT features open field lines, magnetic curvature, and plasma gradients, however in a environment that allows detailed experimental diagnostics, wide parameter scans, and a simplified setup to develop a physical understanding of the plasma dynamics and to perform a detailed comparison between simulations and experiments [3, 4] .
Two main instabilities are potentially active in the SMT: the interchange instability, characterized by k || = 0 and driven by the curvature and pressure gradient, and a k || = 0 instability, destabilized in the presence of a density gradient by resistivity, electron mass, and Landau dampingand affected by magnetic curvature [5] . Thus far, our theoretical investigations carried out in the SMT configuration have mainly focused on the interchangedriven turbulent regime. To describe turbulence in this regime, due to the k || = 0 character of the interchange instability, a relatively simple two-dimensional model can be considered in a domain perpendicular to the field lines. The two-dimensional simulations in Ref. [6] show the presence of two turbulent regimes, roughly analogous to the low and high confinement modes in tokamaks, and denoted as L-and H-mode. The L-mode is characterized by weak shear flow effects and interchange-driven density and heat transport from the high field side of the SMT, where plasma is produced, to the low field side of the machine. The H-mode, accessed for sufficiently high temperature source strengths and low B v , is characterized by a strong shear flow that limits perpendicular transport, steepening and peaking the plasma pressure profiles.
In the present paper we perform three-dimensional fluid simulations of a SMT that extend the two-dimensional simulations in Ref. [6] by taking into account the k || = 0 physics. The plasma dynamics are simulated in a flux tube that wraps around the SMT. The main two findings of the present paper are: first, different turbulent regimes can be achieved by varying the plasma parallel resistivity, ν, plasma source strength, S 0 , and B v strength. The existence of the previously found L-and H-mode is confirmed, and a new turbulent regime, dubbed νH-mode, is observed for sufficiently high values of ν. As in the case of the H-mode, the νH-mode is dominated by a strong shear flow that limits the perpendicular transport.
However, its structure is inherently three-dimensional and its existence cannot be revealed by two-dimensional simulations. Second, the simulations explored show that drift waves do not play a major role in the plasma dynamics. Indeed, while the linear theory shows that the importance of k || = 0 instabilities is enhanced at steep plasma profiles, nonlinearly we observe that a strong shear flow arises at steep profiles that nonlinearly quench plasma turbulence.
The two-dimensional simulations considered a domain covering the full radial extension of the SMT and, because of the flute character of the interchange mode, a vertical extension equal to ∆ = 2πRB v /B φ = L v /N , i.e. the return distance of a field line in the poloidal plane (R and L v denote the major radius and the height of the SMT, N the number of field line turns in the device). Periodic boundary conditions were thus applied in the vertical direction, which effectively neglect vessel effects on the perpendicular dynamics. The threedimensional simulations presented here consider a flux tube whose dimensions are the full SMT radial extension, L c = 2πN R in the parallel direction, and ∆ in the vertical direction.
Following the two-dimensional simulations, we maintain periodic boundary conditions in the vertical direction. The physical validity of such boundary conditions, which in our earlier two-dimensional work were motivated by the assumption that k = 0 interchangelike fluctuations dominate the system, as well as the neglect of vessel wall effects, are less clear in the three-dimensional case, in which k = 0 modes can arise. We regard the present work as an incremental step toward global three-dimensional simulations, which will not only encompass k = 0 modes but also include more realistic boundary conditions at the vessel walls. Further discussion of this point is given later.
The present paper is organized as follows. After the Introduction, in Sec. II the threedimensional model used for the simulation is presented. The linear modes are discussed in Sec. III. Section IV is focused on the nonlinear regimes: the L-mode, the H-mode, and the newly found νH-mode are described. In Sec. V, the transition threshold to a quenched turbulence regime is analytically evaluated and compared with simulation results. A final discussion follows in Sec. VI. In App. A we briefly summarize the main findings from the two-dimensional simulations in Ref. [6] related to purely interchange-driven dynamics.
II. MODEL
Following the plasma parameters of the TORPEX experiment [1], we focus on the T i T e and β 1 regime, and we use the drift-reduced Braginskii equations (e.g., see Ref. [7] ) to describe the dynamics of density, n, electron temperature, T e , potential, φ, parallel electron and ion velocity, V ||e and V ||i : T e n 0.71
where
, and D V i are diffusion coefficients in the perpendicular plane, η 0i and η 0e are the ion and electron Braginskii viscosities, ν is the parallel resistivity, S n and S T are the density and temperature sources, and m e /m i is the electron to ion mass ratio. The x coordinate denotes the radial direction, z is the coordinate parallel to the magnetic field, and y is the direction perpendicular to x and z. In Eqs.
(2), we use the Boussinesq approximation for the polarization current [8] ; also, we neglect thermal parallel conductivity in Eq. (3). We normalize n to a reference density n 0 , T e to T e0 , φ to T e0 /e, time t to R/c s0 (c s0 = T e0 /m i ), scale lengths to ρ s0 = c s0 /Ω ci in the perpendicular directions and R in the parallel direction.
The analysis presented here is carried out in a rectangular flux tube that follows the magnetic field lines and wraps around the SMT. The x coordinate covers the full radial extension of the SMT; y has extension ∆; z extends over the connection length L c , with metal plates perpendicular to the magnetic field lines at z = ±L c /2. At the metal plates, we impose Bohm's sheath conditions by enforcing
on the other hand, for n, ∇ 2 φ, and T e , no boundary conditions are necessary at z = ±L c /2
since their respective evolution equations, Eqs.
(1-3), involve only outflow convection along the parallel direction at the sheath. We use Dirichlet boundary conditions in the x direction for all the fields and we apply periodic boundary conditions along the y direction. In order to characterize the SMT magnetic configuration, we introduce the quantity σ = R/L c = ∆/(2πL v ).
For the density and temperature sources, we use a profile that mimics the electron cyclotron (EC) and upper hybrid (UH) resonance layers in TORPEX, i.e.
. This configurations represents the TORPEX scenario used for blob studies (see, e.g. Ref. [10] ) characterized by an almost slab-like plasma source localized on the left part of the cross section. The source model adopted neglects the experimentally observed z dependence of the source profile as well as the nonlinear dependence of the UH layer position on n [9] . Numerical tests show that the simulation results discussed herein are insensitive to the details of the plasma source.
We remark that by integrating Eqs. (1-5) along the z direction, the two-dimensional model used in Refs. [3, 6, 11] can be deduced. The main results of the two-dimensional simulations are summarized in App. A.
Equations (1-5) are solved using a finite difference scheme. The E × B advective term is treated using the Arakawa advection scheme [12] , while the parallel convective terms are discretized with a second order centered difference method. Time is advanced using a standard explicit Runge-Kutta stepping. Convergence tests have been performed with time and spatial discretization, and global conservation properties have also been checked.
In the simulation discussed in the present paper, we use S U H = 1.5, S EC = 1, λ U H = 5, λ EC = 2.5, x U H = 15, x EC = 35, Λ = 3, m i /m e = 400, R = 200, and L v = 64. As shown in Table I , the dependence on the dissipative parameters is weak, and for the present simulations we use D n = D T = D φ = D V e = D V i = 1, η 0i = η 0e = 0.1. We focus on the dependence of the plasma dynamics on σ, ν, and S 0 .
III. LINEAR MODES
We linearize Eqs.
(1-5), considering for simplicity a background density n =
and parallel velocities
plasma profile does not satisfy parallel force balance; however, the time scale of its evolution is slower than the typical linear growth rate of the instability by one order of magnitude or more.) The perturbed density is assumed to be in the formñ =ñ(z) exp(γt + ik y y), and similar expressions are used for the other physical quantities. Neglecting dissipative terms, the linearized system can be written as:
beingj || = n 00 (Ṽ ||i −Ṽ ||e ), η = L n /L T , and the curvature and diamagnetic frequencies defined as ω d = k y T 00 and ω * = k y T 00 R/L n , respectively. At z = ±L c /2, linearizing the boundary conditions for the parallel velocity, one
We first consider a homogeneous system in which analytic progress is possible, i.e. a infinitely long system in the parallel direction with V ||i = V ||e = 0, such that sheath effects can be neglected. We can thus assumeñ =ñ exp(γt + ik y y + ik || z). By introducing the frequency ω || = k || √ T e00 , the dispersion relation can be written as
Both the interchange and the drift-wave instabilities are contained by the dispersion relation (11) . We start from the analysis of the interchange instability. In the case of flute
y . This dispersion relation corresponds to the one in Ref. [13] in the limit T i = 0. In particular, for k y 1, if one scales γ ∼ c s /R, the dispersion relation of the interchange mode is obtained,
The interchange mode is destabilized by curvature and pressure gradients, tends to grow on the longest allowed y scale, has k || = 0, and has a linear growth rate γ ∼ c s / RL p . We note that if one scales ω ∼ ω * ∼ ω d , the dispersion relation for the entropy mode [13] is also obtained,
is stable in the present configuration.
The dispersion relation for the pure drift-wave mode can be obtained by setting ω d = 0.
In particular, in the case of ν = 0 and m e /m i = 0, one obtains the usual stable drift wave, γ = iω * (1.71η + 1)/(1 + 2.95k 2 y ). On the other hand, resistivity and finite electron mass can destabilize drift waves. The fastest growing instability has k y ∼ 1, finite k || , and a growth rate γ ∼ ω * . We note that if one assumes an isothermal equation of state, the dispersion relation for the drift waves in Ref. [14] is found. It is expected that the drift wave dominates over the interchange mode in the presence of steep gradients, since the ratio of their growth rates scales as 1/ √ L n . Finally, neglecting ion parallel dynamics, the dispersion relation in
Ref. [5] is obtained.
The linear growth rate of the most unstable mode, as predicted by Eq. (11), is shown in Fig. 1 . The drift wave dominates at gradients steeper than L n /R 0.04. The peak growth rate of the drift wave occurs at k y 0.5, and at a k || that increases with ν. The growth rate of the drift wave decreases when the resistivity is enhanced. At gradients weaker than L n /R 0.04, the interchange mode becomes dominant. In this case, the peak growth rate is observed for k y → 0 and k || → 0. The interchange instability persists at finite values of k || , destabilized by finite electron mass and resistivity.
We now consider the complete linearized system (6-10), focusing on the typical parameters of the nonlinear simulations discussed below. Figures 2 and 3 examine the linear instability in a system with finite size in the z direction. For simplicity, we consider an equilibrium velocity profile V || (z) = 2 √ T e00 z/L c . In comparison to the homogeneous case, the presence of the sheaths at z = ±L c /2 constrains the allowed k || and introduces the boundary conditions for V ||e andṼ ||i . Moreover, the combination of the sheath terms and the temperature gradient can introduce an instability into the system (see, e.g., Ref. [15] ). As discussed in Ref. [4] , for our parameters, this instability seems to be overpowered by the interchange mode.
In Fig. 2 , the linear growth rate of the fastest growing mode is shown as a function of k y , for different values of L n , ν, and σ. At steep gradients, one observes that the peak growth rate occurs at k y ∼ 0.5; the growth rate weakly decreases with the resistivity; moreover, it is essentially independent of σ. As confirmed by the eigenvalues plotted in Fig.   3 , and according to the results obtained for homogeneous systems, for steep gradients, this dominant instability corresponds to a drift wave. At weaker gradients, the eigenfunction in Fig. 3 shows that the interchange instability dominates. We note that in the presence of sheath effects, the linear grow rate of the interchange instability is reduced at small value of k y , as noted in the analysis of the two-dimensional model [6, 16] . By balancing the term γk 2 yφ and d zj|| /n 00 in Eq. (7), one notices that the cut-off of the growth rate occurs for k
As expected from an instability driven by curvature and pressure gradient, the dependence on the resistivity is weak; the linear growth rate of the interchange is instead reduced by σ.
Because of the finite extension of the system along the y direction, k y is discretized to multiples of k ∆ = 2π/∆. In Fig. 2 , the growth rate corresponding to k y = k ∆ is indicated.
In the cases where the interchange instability dominates, one can observe that typically the fastest growing mode occurs at k y = k ∆ . The only exception is for σ = 0.08 and large ν. In this case, the fastest growing instability has k y > k ∆ .
IV. NON-LINEAR REGIMES
We start the simulations from random noise; particles and heat are then introduced by the sources in a radially localized region, steepening the n and T e profiles, until the interchange and the drift-wave instabilities are triggered. These instabilities drive turbulence that causes plasma transport in the radial direction. After a transient, a quasi-steady state is established in which plasma, introduced by the plasma sources, is transported in the perpendicular direction and is eventually lost from the system at the sheath edges. We focus here on this quasi-stationary state. and plasma is transported from the source region to the low-field side of the machine by the interchange instability, while it is progressively lost at the plasma sheaths. This results in smooth exponentially decaying plasma radial profiles. The n, φ, and T e profiles show a weak parabolic dependence on the parallel direction, while V ||e and V ||i linearly depend on the z coordinate. As expected from the quasi-neutrality conditions, one observes that V ||e V ||i at z = ±L c /2; this implies that φ ΛT e at z = ±L c /2. One also notes that, at least approximately, φ ΛT e throughout the domain. Following the notation of Ref. [6] we denote this turbulence regime as low confinement mode, L-mode.
(ii) For small values of σ, large S 0 , and small ν, the φ and T e profiles weakly depend on z and φ ΛT e in the whole domain, as in the L-mode. However, shear flow is important, the plasma profiles are steeper than in the L-mode, and intermittent transport events are not visible. We denote this turbulent regime as the high confinement mode, H-mode, since it is similar to the high confinement mode first described in Ref. [6] . (iii) For large values of ν, the n and T e profiles show steeper radial gradients with respect to the L-mode. The relation φ ΛT e is only satisfied at z = ±L c /2 and φ decouples from T e at |z| < L c /2, assuming a negative value and creating a strong shear flow that limits the perpendicular transport. We denote this high confinement regime driven by resistivity, inherently three-dimensional and not observed previously in two-dimensional simulations, as νH-mode.
According to expectations from the linear theory, in the L-mode in which plasma gradients are weak, the typical snapshots of Fig. 5 show that turbulence has an interchange character, with k || 0 and k y k ∆ ; we note that the interchange character of turbulence is observed for all the L-mode simulations considered in the present study. In the H-and νH-modes, when gradients becomes steep, and the linear theory shows that drift-wave importance increases with respect to the interchange instability, a strong shear flow arises that quenches the turbulence.
We first focus on the L-mode, where the plasma profiles can be evaluated analytically. We begin with the study of the peak value of density and temperature, n max (z) and T e,max (z), approximately located at the peak source location, x = x S (x S 36 in the present simulation).
We note that the density and temperature perpendicular transport, Γ n = R ñ∂ yφ y and Γ T = R T e ∂ yφ y , vanish at x = x S . By Taylor expanding V ||e , n, and T e at z = 0, one obtains n max (z) = n(x s , 0)(1 + ζz 2 /3) and T e,max (z) = T e (x S , 0)(1 + ζz 2 /4). By inserting these Taylor expansions into Eq. (5), and approximating V ||i (x S , z) 2 T e,max (±L c /2)z/L c , it is possible to deduce ζ = 48/17. It follows
We note that the simulation results also show that the ratio between the den- n(x, ±L c /2)/n(x, 0) n max (±L c /2)/n max (0) 13/17. Similarly, one has
The z-dependence of φ can be deduced from Eq. (4). In the analysis of the L-mode, we consider the ν → 0 limit; i.e., the leading order terms in Eq. (4) are n∂ z φ T e ∂ z n + 1.71n∂ z T e . Using Eqs. (18), one obtains
for x > x S , by imposing that φ(x, ±L c /2) = ΛT e (x, ±L c /2). For later use, we note the z scale length of the potential at z = L c /2 for ν → 0 is given by L zφ,0 = φ/∂ z φ z=Lc/2 −ΛL c /2.61
We now estimate the T e and n radial profiles. At z = 0, since from Eq. (18), V ||e 56/17T e (x, 0)z/L c for x > x S , the y and time average of Eqs.
(1) and (3) lead to
In the L-mode regime, it is possible to analytically estimate the fluxes Γ n and Γ T . Since in the L-mode transport is driven by the interchange mode, and we focus on the regime where the dominant mode has k y = k ∆ , the nonlocal quasi-linear theory developed for the twodimensional model in Ref. [6] is valid. The estimate shows that in the absence of shear flow and far from marginal stability, transport can be approximated as Γ n = Γ n,L and
and α n α T 0.4. Introducing Eqs. (21) into Eqs. (20) and considering the source free region, one finds that n(
In Figs. 6 and 7 we study the agreement between the L-mode estimate and the simulation results. Figure 6 focuses on the small ν case. According to the findings in Ref. x φ, and become important for γ/v E×B 0.5. We introduce the H parameters, H n = Γ n,L /Γ n and H T = Γ T,L /Γ T , and define the H-mode simulations as those for which H n > 3 or H T > 3 (both criteria lead essentially to the same results). From Figs. 6c and 6f, one observes that the transition to the H-mode occurs for γ/v E×B 0.5. (We point out that, in the L-mode, the small deviation of the simulated L n and L T from the analytical estimate given here is due to the finite domain extension along the x direction.) The dependence on ν is studied in Fig. 7 . Figure 7 shows that an enhancement of ν leads to a reduction of transport, a steepening of the plasma profiles, and an increase of v E×B . The transition from the L-mode to the νH-mode also occurs for γ/v E×B 0.5.
In conclusion, the present three-dimensional simulations, besides supporting the findings in Ref. [6] regarding the existence of an L-H transition, show that a transition to a regime where turbulence is suppressed by shear flow occurs when ν is increased. It is thus possible to access a quenched turbulence regime by increasing the value of ν and S 0 , and decreasing σ.
V. THRESHOLD CONDITION TO A QUENCHED TURBULENCE REGIME
We now estimate the threshold condition to a quenched turbulence regime, occurring for γ/v E×B 0.5. We first consider the ν → 0 case. In this limit, as in the two-dimensional simulations, shear flow is mostly due to a sheared temperature profiles, i.e. ∂ 2 x φ Λ∂ 2 x T e , and it is limited by a Kelvin-Helmholtz (KH) instability. The KH stability condition imposes k y L φ > κ (κ 2 for a Bickley jet profile [17] ). Since the most stringent criterion for stability occurs for k y = k ∆ , one deduces
in good agreement with simulation results for χ 2.5.
In the νH-mode, φ decouples from T e away from the sheaths, and shear flow is due to a strong radial dependence of φ resulting from the fact that in the source region φ ΛT e , while at the right of the plasma source there is a potential cavity where φ ΛT e . Analytical estimates can be carried out in this regime, in order to evaluate the depth of the potential cavity. The quantity x W denotes the radial position where φ assumes its minimum value, φ(x W , 0). We note that x x W is also the location where j || is largest. Numerical tests show that the radial distance δ = x S − x W between the maximum and minimum value of φ depends mainly on the geometrical parameters of the SMT, i.e. δ δ(L v , R) 0.35L T,L for the present simulations.
We first consider the physics at x = x W . For ν → ∞, the leading order terms in Eq. (4) give ∂φ ∂z
A second relation between φ and j || is provided by the time and y average of Eq. (2),
where τ xy = ∂ xφ ∂ yφ is the Reynold stress term. For z → 0, the leading order terms in Eq.
(24) are
since V ||i → 0 for z → 0; on the other hand, for z → ±L c /2, the leading order terms of Eq.
We focus on the latter limit, Eq. (26), which is more easily treated. For z → L c /2 and ν → ∞, Eqs. (23) and (26) lead to −νnV ||i ∂ 2 x j || ∂ z j || ; it is thus possible to estimate the ν → ∞ z-scale length of j || , L zj,∞ , i.e. (27), one obtains L zj,∞ = ∆ 2 /(χ j νnV ||i ) = ∆ 2 /(χ j νn T e ). It is observed that the scale length of the potential in the ν → ∞ limit, L zφ,∞ , is proportional to L zj,∞ , resulting in
with the proportionality constant ς 0.2.
In general, the scale length of φ should gradually pass from the ν → 0 to the ν → ∞ limit with increasing resistivity. We can thus approximate
The impact of plasma resistivity on the plasma profile becomes relevant
Let us now consider the physics in the source region, x = x S . Fluctuations are small in this region, since density and temperature gradients are weak. Thus, the Reynold stress and the cross correlation termṼ ||i ∂ z ∂ 2 xφ in Eq. (23) vanish and Eq. (26) is valid for all z. By Taylor expanding Eq. (26) with respect to z, one observes that the leading order term of j || vanishes; simulations confirm that j || is negligible at x = x S . It follows that the ν → 0 leading order terms balance of Eq. (4) is valid and, since the z-dependence of φ max is given by Eq. (19), φ and T e remain coupled for all z at x = x S .
Since we are interested in evaluating the threshold condition to a quenched turbulent regime due to resistivity, we focus on the ν → ∞ case, and in this limit we now estimate φ(x W , 0). Simulations show that a polynomial expression represents reasonably well the
At z = 0, on the low-field side, and in the region where shear flow is maximum, a good approximation for φ is provided by
with k x k ∆ set by the KH stability threshold condition for a sinusoidal φ profile. Thus, from Eqs. (29) and (30), one can evaluate
since L zφ,∞ → 0 for ν → ∞. Since the n max (z) and T e,max (z) estimates, Eq. (18), carried out in the L-mode analysis, are valid also in the presence of a large resistivity, from Eqs.
(28) and (31) one obtains
The values of T e,max (0) and n max (0) can be estimated by integrating Eqs. (20) along x.
One has
and
At the threshold, it is reasonable to approximate L φ ∼ L T ∼ L n ∼ ∆. Summing the shear flow estimates in both the ν → 0 and the ν → ∞ limits, Eqs. (22) and (32), we approximate
the threshold to a quenched turbulence regime, and thus the threshold condition can be written as
Using Eqs. (33) and (34), the threshold condition in Eq. (35) can be rewritten as
In Fig. 8 , we plot the value of ν above which turbulence is quenched, as a function of S 0 for σ = 0.05 and σ = 0.08. In the same plot, the turbulence regime of the simulations we have performed is displayed. The agreement between the analytical estimate and simulation results is remarkable. Experimental observations in TORPEX at small σ display behavior that seems at first sight to be different from that of the flux tube simulations; at small σ the experiments appear to display global convective cells instead of a strong shear flow, and instabilities with k || = 0 contribute to the plasma dynamics [5] . Future investigations are necessary in order to explain this apparent discrepancy, in particular we believe global simulations that take into account the impact of the vessel walls on the perpendicular dynamics are needed.
Here, we estimate the assumptions under which the y periodic boundary conditions can be used: (i) τ /τ f l < 1, where τ is the time scale of the plasma dynamics and τ f l is the flight time of the plasma, with τ f l = L v /v E×B,y ; (ii) v E×B,y R/(c s σL v ) < 1, i.e., no global vortex formation, which is given by the fact that the plasma flowing along the vertical direction, nv E×B,z , is dissipated through parallel losses, nc s σL v /R; and (iii) L v x S 0 S n dx/ 
We focus on the regime far from marginal stability and where the dominant instability has k y = k ∆ [11] . In this regime, L n R and the leading order terms in Eq. (A1)
are ∂ t n − R[φ, n] 0 from which, in the absence of a strong shear flow, one has ∂ yφ ∼ γ 0ñ /(R∂ x n) with γ 0 = 2T e R/L p . Turbulence saturation occurs for ∂ x n = ∂ xñ . The ∂ xñ term can be estimated by nonlocal linear theory [14] , obtainingñ ∼ n(L p /k ∆ ) 1/2 /L n .
Thus, Γ n = R ñ∂ yφ y ∼ n(2RL p T e ) 1/2 /(L n k ∆ ) and, analogously, Γ T = R T e ∂ yφ y ∼ (2RL p T 
